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FANO VARIETIES WITH LARGE DEGREE ENDOMORPHISMS
JA´NOS KOLLA´R AND CHENYANG XU
We work over the complex number field C. An endomorphism of a projective
variety X is a morphism f : X → X . If f is surjective, then it is automatically
finite.
Examples of projective varieties with an endomorphism of degree > 1 are Pn
and abelian varieties. In fact, these are essentially all known smooth examples.
When X has non-negative Kodaira dimension, this is discussed in [NZ07]. It
is also conjectured that if X is a smooth Fano variety of Picard number 1 that
admits a degree > 1 endomorphism, then X ∼= Pn [Am97]. This is confirmed in
some cases, including when the dimension is less or equal to 3 [ARV99], when
X is a quasi-homogeneous [HN08], when X is a large degree hypersurface of a
prime Fano manifold of Picard number 1 [Ch08], or when X contains a smooth
conic [HM03]. [Zh08] considered Fano varieties with Picard number 1 and, with
terminal singularities that have an endomorphism of degree > 1. He conjectured
that they are necessarily rational. Our aim in this note is to point out that this
is not quite true and suggest a slight modification that is consistent with these
examples.
1. Example. Any subgroup G ⊂ Sn+1 acts on P
n where Sn+1 acts by permuting
the coordinates. The endomorphism φd of raising each coordinate to its d-th
power commutes with this action, so it descends to a degree dn endomorphism of
X := Pn/G.
According to the philosophy of [KL07], Pn/G should have terminal singularities
for almost all G. The precise conditions are checked in Lemma 3. Some examples
where Pn/G is not rational are given by [Sa85]. In his examples, G is a nonabelian
group of order p9 for some prime p and G ⊂ S|G|+1 fixes the last coordinate and
acts by the left G-action on itself on the first |G| coordinates.
2. Remark. 1. These examples suggest the possibility that if a Fano variety X
of Picard number 1 has terminal singularities and admits a degree > 1 endomor-
phism then X is a quotient of Pn.
2. It seems likely that if G is large enough, then the φd are the only endomor-
phisms of Pn that commute with the G-action. Thus we may get examples of
Fano varieties which have very few endomorphisms of degree > 1.
3. Lemma. Let G ⊂ Sn be a subgroup with the induced action on P
n−1 by permut-
ing the coordinates. Assume that none of the elements of G is conjuagte (in Sn)
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to one of the premutations (12), (123) or (12)(34). Then Pn−1/G has terminal
singularities.
Proof. Let the order of g be m. Assume that the action of g ∈ G on the set
{1, 2, ..., n} gives cycles of length n1, n2, ..., nk with
∑k
i=1 ni = n. So ni|m and we
write m = nimi. After a linear transformation of the coordinates, g acts by
(t1, t2, ..., tn)→ (t1, ξ
m1t2, ..., ξ
(n1−1)m1tn1, ..., ξ
(nk−1)mktn),
where ξ is a primitive m-th root of unity.
Now we compute the age of g at a fixed point x of g. (See [IR96], [Re02] for
the definition and for the Reid-Tai criterion.) If a fixed point is on the chart
tp 6= 0, then, for each 1 ≤ j ≤ k, the contribution of the cycle of length nj to
the age is the sum of all numbers c/m where 0 ≤ c < m and c can be written as
c = kmj − p for some k ∈ Z. This sum is bigger or equal to
mj
m
(0 + · · ·+ (nj − 1)
)
=
nj − 1
2
.
Therefore, agex(g) ≥
∑k
i=1(ni−1)/2 is always larger than 1 if g is not any one of
the cases listed above. The Reid-Tai criterion implies that Pn−1/G has terminal
singularities. 
References
[Am97] Amerik, E.; Maps onto certain Fano threefolds. Doc. Math.2 (1997), 195211
[ARV99] Amerik, E.; Rovinsky, M.; Van de Ven, A.; A boundedness theorem for morphisms
between threefolds. Ann. Inst. Fourier (Grenoble) 49 (1999), no. 2, 405–415.
[Ch08] Choe, I.; Endomorphisms of hypersurfaces of Fano manifolds of Picard number 1.
to appear in Mathematische Nachrichten.
[HM03] Hwang, J.; Mok, N.; Finite morphisms onto Fano manifolds of Picard number 1
which have rational curves with trivial normal bundles. J. Algebraic Geom. 12
(2003), no. 4, 627–651.
[HN08] Hwang, J.; Nakayama, N.; On endomorphisms of Fano manifolds of Picard number
one. http://www.kurims.kyoto-u.ac.jp/preprint/file/RIMS1628.pdf
[IR96] Ito, Y.; Reid, M.; The McKay correspondence for finite subgroups of SL(3,C).
Higher-dimensional complex varieties (Trento, 1994), 221-240, de Gruyter, Berlin,
1996.
[KL07] Kolla´r, J.; Larsen, M.; Quotients of Calabi-Yau varieties. arXiv:math/0701466. To
appear in Algebra, Arithmetic and Geometry - Manin Festschrift
[NZ07] N. Nakayama; D. Zhang; Polarized Endomorphisms of Complex Normal Varieties,
Kyoto Univ. RIMS Preprint RIMS-1613. 2007
[Re02] Reid, M. La correspondance de McKay. Se´minaire Bourbaki, Vol. 1999/2000.
Aste´risque No. 276 (2002), 53–72.
[Sa85] Saltman, D.; Noether’s problem over an algebraically closed field. Invent. Math. 77
(1984), no. 1, 71–84.
[Zh08] D. Zhang; Polarized endomorphisms of uniruled varieties.
http://www.math.nus.edu.sg/∼matzdq/
